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Abstract: Let X be a compact quotient of the product of the real Heisenberg group 
Him+i of dimension 4m + 1 and the 3-dimensional real Euclidean space R^. A left 
invariant hypercomplex structure on H/^m+i x R-^ descends onto the compact quotient 
X. The space X is a hyperholomorphic fibration of 4-tori over a 4m-torus. We 
calculate the parameter space and obstructions to deformations of this hypercomplex 
structure on X. Using our calculations we show that all small deformations generate 
invariant hypercomplex structures on X but not all of them arise from deformations 
of the lattice. This is in contrast to the deformations on the 4m-torus. 
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1 Introduction 

Heisenberg groups play a fundamental role in many branches of mathematics. One 
of its appearances is in the construction of Kodaira surfaces. Among other features, 
these surfaces can be realized as an elliptic fibration over elliptic curves. This is a 
realization of the quotient map from the Heisenberg group with respect to its center. 
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This construction is extended to higher dimensions in [B] [12] • On the other hand, 
Heisenberg groups are used by several authors to construct hypercomplex structures 
[9] [3] |1]. This direction greatly enriches the source of hypercomplex manifolds as 
the past constructions of compact examples are often limited to homogeneous spaces 
with semi-simple Lie groups [8] [16]. The construction and the deformations of these 
hypercomplex structures are the topics of this article. 

Let i?2n+i be the 2n + 1-dimensional real Heisenberg group. It is the extension 
of the Abelian additive group R^" by a one- dimensional center. The space R^" is a 
complex space as it can be real linearly identified to the complex vector space C". 
The product H2n+i x R^ admits a left-invariant complex structures such that the 
natural projection onto R^" is holomorphic. Taking compact quotients, we obtain 
a complex structure on a generalization of Kodaira manifolds X [6]. This construction 
can be extended further to a construction of hypercomplex structure. 

The quotient of the 4m + 1-dimensional real Heisenberg group H^m+i with its 
one-dimensional center is the Abelian additive group R^"*. The space R^"* is a hy- 
percomplex space when it is identified to the module of quaternions H™. The product 
H^m+i X R^ admits a left-invariant hypercomplex structures such that the natural 
projection cf) onto R^™ is hyper-holomorphic. Taking compact quotients X, we obtain 
a hypercomplex manifold fibered over the torus T'^™ with its standard hypercomplex 
structures. The fiber is a four- dimensional torus obtained as a compact quotient of 
the product of the group H^m+i x R^. In this paper, we first calculate the parameter 
spaces and obstructions to deformation of the hypercomplex structure on the compact 
quotient X of Him+i x R^. Our computation is based on twistor theory, deformation 
theory of maps and an understanding of the deformation of hypercomplex structures 
on the torus. Then we compare this parameter space with the space of the invariant 
hypercomplex structures and the deformation space arising from the deformations of 
the lattice in H^m+i x R'^. 

In Section 1, we explain the relations among twistor theory, deformation theory of 
holomorphic maps and deformation theory of hypercomplex manifolds. Through these 
relations, we compute the parameter space for hypercomplex deformations in Section 
2. The next theorem is the result of enumerating the dimension of the parameter 
space in a long exact sequence of cohomology. 

Theorem 1 The real dimension of the virtual parameter space of deformations of 
hypercomplex structures on the (4m + A) -dimensional manifold X is equal to Qm? + 
11m + 12. 

In the parameter space, there is a twelve-dimensional subspace contributed by the de- 
formation of the 4-torus in the fiber of the projection 0. Hypercomplex deformations 
of the base of this projection contribute to a subspace of dimension 3(2m^ + m). In 
Lemma [31 we establish that the dimension of the parameter space of hypercomplex 
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structures on a torus of dimension 4m is naturally identified to 12m^ and that only 
some of the hypercomplex deformation on the base torus comes from a hypercomplex 
deformation on the Kodaira manifold. Since the space of obstructions to deformation 
does not vanish, we study the integrability of deformation parameters by constructing 
convergent power series in Section 3. 

Theorem 2 Every point in the virtual parameter space is an infinitesimal deforma- 
tion of an integrable deformation. 

In this construction, we do not control the power series enough to claim a priori that 
the deformation must be hypercomplex. At this point we produce a deformation 
of quaternionic structures only. We conclude our work showing that the deformed 
twistor spaces have a holomorphic projection onto CP^. Through the twistor corre- 
spondence, we complete a proof of the following theorem. 

Theorem 3 Every quaternionic deformation of the hypercomplex structure on X is 
a hypercomplex deformation. 

This observation raises the issue of enumerating the number of parameters for quater- 
nionic deformations of the hypercomplex manifold X. This is achieved through a 
coboundary map computation. 

Theorem 4 The real dimension of the parameter space of deformations of quater- 
nionic structures on the {4m -\- 4) -dimensional manifold X is equal to 6m^ -|- 11m -|- 9. 

During the course of our computation, we reveal a considerable amount of infor- 
mation about the deformation of hypercomplex structures on the torus T''™, because 
its twistor space Z is the base space of an elliptic fibration from the twistor space W 
of the hypercomplex structure X. In section 4.5 we reveal how our computation may 
be used to identify the moduli space of hypercomplex structures on a torus. 

Finally in Section 5, we calculate the parameter space of the invariant hypercom- 
plex structures on X and space of deformations arising from the deformations of the 
lattice. Although in Section 3 we do not control the power series completely, the 
information we obtain there is enough to prove the first part of the following: 

Theorem 5 Any small deformation of the hypercomplex structure on X consists of 
invariant structures. However there are deformations which do not arise from a 
deformation of the lattice F. 

The second part of Theorem 5 follows by direct dimension count. The proof is at 
the end of Section 5. 
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2 Basic Constructions 



2.1 The Heisenberg group and the Heisenberg algebra 

The real Heisenberg group of dimensional 4m+l is the Lie group i?4m+i whose under- 
lying manifold is R"^™ x R with coordinates {x, y, z) :— {xi, . . . , X2m, Hi, ■ ■ ■ , y2m, z) 
and whose group law is given by 

2m 

{x, y, z) * {x', y', z') = {x + x\y + y\ z + z' - 2 ^{x^y'^ - yjx'j)). (1) 

i=i 

The left translations of l-^ , , -^i^l are the following vector fields. 

3 3 3 3 3 

These vectors form a basis for the Heisenberg algebra ()4m+i of the Heisenberg group 
H^rn+i- The commutation relations are as follows: 

[Yj, Xk] = ASjkZ, [Xj, Xk] = [Yj, Yk] = [Xj, Z] = [Yj, Z] = 0. (3) 

The subspace c spanned by Z is the center of the Heisenberg algebra. The quotient 
space of the Heisenberg algebra with respect to the center is the 4m-dimensional 
Abehan algebra iim- Therefore, we have the exact sequence 

^ C ^ i)4m+l ^ Um 0. (4) 

On the level of Lie groups, we have a group homomorphism 

: i/4m+i = (R'"*+\ *) ^ (R''", +) (5) 

obtained as the quotient of the central subgroup C = (R^, +). Although it is obvious 
that 

^(x,) = £, = 4. 0(2) = |, (6) 

it will be important for our future computation that these identities give a way to lift 
vector fields from the Abehan group to the Heisenberg group. 

Let r be the subgroup (Z''™"'"^,*) of the Heisenberg group. The intersection Fq 
of r with the central subgroup is isomorphic to the integer group Z. The quotient 
of C by Tq is the one-dimensional torus group T^. The quotient of the additive 
Abehan group R"^™ by 0(r) is the 4m-dimensional torus group T^"*. It is obvious 
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that the homomorphism l from the central subgroup C into the Heisenberg group 
Him+i intertwines Tq and F, and the homomorphism from the Heisenberg group 
Him+i to the Abehan group R**" intertwines the groups F and 0(F). Therefore, the 
homomorphisms t and descend to maps between compact quotients. Since C is the 
central subgroup, its action commutes with the action of the lattice F. Therefore, the 
quotient group acts on the quotient space of left-cosets V\H4^m+i- The orbits of 
this group action are precisely the fibers of the projection 

: F\i^4„^+l ^ T^'". (7) 

From now on, we denote the quotient space F\if4m+i by H^m+i or H if the dimension 
of the group is clear in a given context. 



2.2 A Construction of Hypercomplex Structures 

Three complex structures /i,/2 and I3, on a smooth manifold form a hypercomplex 
structure if 

Il = ll = ll = -h, and /1/2 = /3 = -/2/1, (8) 

where /q is the identity map. 

Let ts be the 3-dimensional Abelian algebra. The direct sum f)4m+i © ts is a 2-step 
nilpotent algebra whose center is four-dimensional. Fix a basis {-Ei, £^2, -^3} for ts. 
Consider the endomorphisms /i, I2 and of f)4m+i ©ts defined by left multiplications 
of the quaternions z, j and k on the module of quaternions H, and the identifications 

X2a-lX2a-l + X2aX2a + y2a~lY2a-l + 2/2a>^2a " > X2a-1 + X2ai + 2/2a-lj + 2/2a/c; 

+ ti^i + ^2^2 + ^3^3 z + tii + t23 +hk. (9) 
In other words, for 1 < a < m, 

-^l-^2a-l = ^2a; 
-^2-^20-1 = ^2a-l, 
-^3-^2a-l = ^2a, 

Through left translations, these endomorphisms define almost complex structures 
on the product of the Heisenberg group and the three-dimensional additive group 
Him+i X R-^- By construction, these almost complex structures satisfy the algebra 
([H]). As [laX, laY] = [X, Y] for any left-invariant vector fields X and Y and 1 < a < 3, 
these complex structures are integrable. It implies that {/„ : a = 1, 2, 3} is a left- 
invariant hypercomplex structure on the Lie group H^m+i x R-^- Let be the integer 
subgroup of R^. Then the quotient space H xH^ /Z^ is the compact manifold H xT^. 



hY2a~l = Y2a, 


hz = 


Eu 


hE2 


= Es; 


l2X2a = —Y2a-i 


hz = 


E2, 


I2EI 


= —E3; 


13x2a = Y2a~l, 


hz = 


E3, 


hEi 


= E2. 
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We denote this compact hypercomplex manifold by X. The natural projection (f) from 
X onto T"^™ and the inclusion l from T^xT^ = into X are both hyper-holomorphic 
maps. The fibers of the projection are the orbits of the left-action of x T^. 
For the hypercomplex structure we show: 

Theorem 6 The hypercomplex structure on H^m+i x R-^ constructed above is equiv- 
alent to the standard one on H"*"*"-*-. 

Proof: From the definition of the vector fields Xi,Yi, Z, we see that the dual 
1-forms are dxi, dyi, 6 = dz — 2T,{yidxi — Xidyi), dci, where ei, 62, 63 are coordinates of 
R^. Then we have the same identities for the action of the hypercomplex structure 
on the 1-forms as we had for the vector fields, e.g. hdxi = dx2... etc. With this in 
mind we calculate: 

hdz = Ii9 + Ii2 ^iividxi - Xidy) = 

= dei + 2 Y.aiy2a-ldX2a - X2a-ldy2a " y2adX2a-l + X2ady2a-\) 
= d{ei + 2Y^^{y2a-lX2a - X2a-iy2a)) 

so by defining 

/l := ei 2 ^{y2a-lX2a - X2a-iy2a) 
a 

we have Iidz = dfi. Similarly, 

l2dz = I2O + I22 Y^iiVidxi - Xidy) = 

= de2 + 2 Y.aiy2a~ldy2a-1 + X2a-ldX2a-l " |/2aC?Z/2a " X2adX2a)) 
= d{e2 + Y.ahjla-l+Aa-l-yla-Aa)) 

SO l2dz = df2, for 

/2 := 62 + Xl(^2a-1 + 4a-l " yL " 4a) 
a 

Finally, by similar calculation we have I^dz — dfs, where 

/s = 63 2 ^{y2a-iy2a + X2a-lX2a) 
a 

Now from here we have that Xi,yi,z,fi are quaternionic coordinates, which are 
global on R^"^+^, so identify our hypercomplex structure with the standard one as 
claimed, q.e.d. 

The above calculation could be done using the Obata connection and then one 
can show that dj] are parallel 1-forms. Here we outline the argument. The Obata 
connection is given by 

WxY = 1/2[X, r] + l/12 J2 WjX, IkY] + [Ijy, 4X]) + l/6 J] Y] + [IiY, X]) 

i,j,k i 
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for hypercomplex manifold, where k) is cyclic permutation of (1, 2, 3) . Then for 
abelian hypercomplex structure this reduces to 

VxY = 1/2[X, Y] + 1/2 J2 lAhX, Y] 

i 

From here one has that dxi, dyi are parallel and = l/2d9. Now from V{xidyj) = 
dxi (S> dyj one easily checks that dz and dfi are parallel. 

2.3 Twistor Theory 

We identify points a = (01,02,03) in the unit 2-sphere S"^ to the complex structure 
Is = oi/i + 02/2 + dsh- Let Js be the complex structure on S*^ defined by the 
stereographic projection 

fieC^ a= lo d/^P - l,-i(/i-7i),/i + 7i). (10) 

1 + i/ir 

This map takes to — Ji, i to I2 and 1 to I3. It sends the complex orientation of 
the complex plane to the outward normal orientation of the sphere. Therefore, the 
complex structure on the sphere at the unit vector a is defined by the cross product 
with a. 

The smooth manifold W = X x S"^ is endowed with an almost complex structure X 
defined by T(x,a) = Id® Jd- By twistor theory, this is an integrable complex structure 
[TSj . Moreover, the projection p from W onto S"^ is a holomorphic projection such 
that the fiber p~^{a) is the complex manifold (X, J^). The holomorphic projection 
from Z onto CP^ is also denoted by p. The map is also real in the sense that there 
is an anti-holomorphic involution r on the twistor space W such that p o r = p o p 
where p is the anti-podal map on the 2-sphere. 

As explained in [16|, deformations of hypercomplex structures are identified to 
deformations of the real map p. Deformations of this map p are described by the 
cohomology spaces H^{W,T>w) where T>w is the kernel of the differential dp [7\. The 
real part of these spaces contain the deformation of the hypercomplex structures. 
Since there is also a correspondence between quaternionic structure and the complex 
structures on the twistor space [18], the real part of the cohomology spaces H^{W, Qw) 
contains the deformation theory of the quaternionic structures. 

3 Deformation Parameters oi X = H x 

The aim of this section is to compute the cohomology spaces H''(W,Viy) of the 
twistor space W for the hypercomplex manifold X. We begin with some standard 
computation on the twistor space Z over the torus. 
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3.1 Twistor Space of the Torus 

The twistor space Z is the quotient of the bundle t^'° ® on CP^ where t^'° is 
the (1, 0)-part of the complexification of the 4m- dimensional Abelian algebra t [21 
Example 13.64 and Example 13.66]. 

Choose linear coordinates (2;", Z2^Z\^Z2)^a = \^ . . . ^m^ for 0^"^+^. They are related 
to real coordinates of H^m+i x R-^ by 

= X2a-1 + iX2a, 4 = V^a-l + iy2a, = Z + iti, Z2 = t2 + it^. (11) 

Let [Ai, A2] be the homogeneous coordinates on CP^. On Ui = {X E CP^ : Ai 7^ 
0}, define = ^- On f/2 = {A G CP^ : A2 ^ 0}, define 1^ = ^. We use the same 
notation to denote p^^{Ui) and p~^{U2) on both Z and W. 

Lemma 1 Let O he the structure sheaf of the twistor space Z . Let R^p^^O he the q-th 
direct image sheaf with respect to the projection p from Z onto CP^. Then 

Rip^O = (t*(°'i) ® C(l)) . (12) 

Proof: Since the dimension of if^(p~^(A), (9) is constant with respect to A, the di- 
rect image sheaves R'^pt.O are locally free. As each fiber p^^{X) is an Abelian va- 
riety, H'^ {\) , O) = A''iy^(p"^(A), C), and there is a vector bundle isomorphism 
Rip^O = Am^p.O. 

On t/2, for 1 < a < m, the (O,l)-forms 

■Jldz'^ - dzl -Jldz^ + dzl 

are holomorphic because 

= -r-p7 (dJI A cTn - Jldfi A a?) , dWn = ^r-p7 (-'pdfi Ao^ - dJI A a?) 

1 + 1 + 

are type (l,l)-forms. Since for every A, h^{p~^{X), O) = 2m, these holomorphic forms 
determine a trivialization of the bundle R^p^O{U2)- Similarly, on Ui the (O,l)-forms 

d'z'i — Vdz'i „ dz'i + Vdz^ , , 

determine a holomorphic trivialization of the bundle B}pj,0{lJ\). As = pa^, the 
bundle B}p^O is isomorphic to t*^°'^) (g> C^(l) as claimed, q. e. d. 
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Lemma 2 For i > -1, H^{Z,p*0{l)) = r^^'^^) ® S^+'^C'^ where S^C^ is the j-th 
symmetric tensor product ofC^. 

Proof: The projection formula and the last lemma determine the isomorphism 

R''p,p*0{i) = Wp^O ® 0{i) = 0{i) ® A" (t*(°'^) ® C(l)) = 0{i + g) ® t*^^'''\ 

Consider the Leray spectral sequence with E'f''^ = if^(CP^, R'^p^p*0{i)), and E^^ =^ 
HP+%Z,p*0{i)). When £ > -1, E^''^ = for all p > 1 and g > 0. Therefore, the 
spectral sequence degenerates at E2, and 

H\Z,p*Oii)) = ®p+g=kE^2'' = ^2'' = H\CP\ R^p.p*0{i)) 

q. e. d. 

The cohomology spaces of the last lemma can be described explicitly. Define 



Then {Aif2^, A2f^i, Aii72) '^2f^2} forms a basis for the space H^{Z, O). More generally, 
the space H^{Z,p*0{t)), for £ > is spanned by the twisted k-forms 



(Af'^-'A^) r^i' A ■ ■ • A fi"' A A ■ ■ ■ A (16) 

where < / < £ + fc. The space H^{Z,0) has an alternative description. For 
k = 0, 1, 2, 3 and over p~^{a), define 1-forms 

Ul = IkdX2a-l - ihhdx2a-i- (17) 
These (O,l)-forms on the twistor space span the space H^{Z, O) because 

cJq = /iO^ + 0^2 = XiVl[ + X2^2, = iifJ'O^ - 0^2) = - -^2^2)5 

ZJ^ = jjia^ -a\ = X1VL2 - A2^^i, = i{'^ + /io^) = iiXiil^ + X2^i). (18) 

The differential dp from the tangent sheaf to the pull-back of the tangent sheaf 
p*0{2) on the projective line CP^ is the twisted 1-form dp = X2dXi — XidX2 [21 
Example 13.83]. Its kernel Vz is isomorphic to t^'° (S> 0{1). Applying Lemma [2] to 
£ = 1, we have 

Lemma 3 There is a natural isomorphism H'^{Z,Vz) = t^''^ ® ^ 5*^+^0^. 
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We seek local as well as global representations of elements in these cohomology 
spaces. On U2 the product coordinates {z^, Z2, fi} are not holomorphic. The holo- 
morphic coordinates are 

< = K-^2, < = /i4 + ^, C = /^- (19) 

The inverse coordinate change is 

^1 = YT\c[^ + ^) ' ^2 = (-^1 + C^2) , /i = C (20) 

When one changes coordinates from A2 7^ to Ai 7^ 0, /iwj = Wj. Therefore, 

= 1^ = 1^ (21) 

is a globally defined section of the tangent bundle. 

We are now able to describe a basis for the space H^{Z,Vz). The dual of the 
(l,0)-form in ([HD is 

These vector fields can also be identified as 

= XiV^^ - XiV^^, w;^ = i{XiV2^ + X2V^^). (23) 

It follows that the elements A^-^A^V^^'^n^' ^^^^ < £ < 1, 1 < z, j < 2, 1 < a, 6 < m 
form a basis for H^{Z,T>z)- Similarly, the twisted vector- valued k- forms 

x'l^^-'xiv^ ® A ■ ■ • A n"' A n'; A ■ ■ • A ^2^' (24) 

with 0<i<k + l form a basis for H''{Z, Vz). 



3.2 The Twistor space oi X = H x 

From the definition of the complex structure on twistor spaces, the projection from 
X to T^™ induces a natural holomorphic projection \1/ from the twistor space W of 
X onto the twistor space Z of T^"^. Moreover, p o \|/ = p. We make use of these 
projections and the related spectral sequences to calculate cohomology on the twistor 
space W. 



10 



Lemma 4 For all i > -I, H''{W,p*0{i)) = (1^4^+1 © tg)*^^''^) ® S''+^C\ 

Proof: The fibers of tlie projection p from W to CP^ are isomorphic to x U(l) x T"^ 
where HxU{l) is a complex 2m+l-dimensionaI manifold [6J and is a complex ellip- 
tic curve whose fundamental domain is a square. Since H^{T^, O) is one-dimensional, 
we combine |6], Lemma 2] with Kunneth formula to find that 

H\p-\a),0) = ^''H\p~\a),0). (25) 

Let 7 be the dual of the central vector field Z on the Heisenberg group. Denote 
the dual of i?2, and i?3 by ^i, 82 and 5^. As in (fT71) . define cJ^"^^ = /fc7 — Hahl- 
Given the stereographic projection (ITOl) . we deduce that when A2 7^ 0, 

— m+l , — m+1 — m+1 — rOi+l il-^Tn+l , , -T=-m+l\ ^oc\ 

where 

-m+1 _ 71(7 -^'^1) - ('^2 + ^'^3) _ (7 + ^^l) + 7l('^2 " '^'^s) 

1 ~ 1 I I 12 1 <~>2 — 1 I I 12 ■ ^ ' 

It is important to note that ^7 is type (1,1) with respect to any complex structure in 
the given hypercomplex structure. In fact, the structural equation yields 

m 

d'y = 4 ^(rfX2a-l A dy2a-l + dX2a A rf^/sa)- (28) 
a=l 

It follows that 

doT^' = 27lVKAa^ + a?Acr2" +-^^ ' i ^ i 12 29 

1 1 + /i r 

a=l ' ' 

(io^+i = 2VKAa^ + a?A(T2" +-^^-^^ ' I 12 —■ (30) 



a=l 



■m+1 



In particular, a™^^ and 0^^^ are holomorphic. It shows that the (O,l)-forms uJf, 
are holomorphic on the twistor space W. These holomorphic (O,l)-forms are the 
analogies of and on the twistor space Z defined in (fT3|) . These 1-forms on Z are 
pulled back by \I' to holomorphic (O,l)-forms on W. Therefore, a", with i = 1,2 and 
1 < a < m + 1 form a basis for H^{p~^{a), O) when A2 7^ 0. Due to the homogeneity 
of these forms, 

Wp^Ow = (f)4m+l © t3)*(°''^) © 0{q). (31) 
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Consider the Leray spectral sequence EP'''{p*0{i)). Due to the projection formula, 

El^\p*0{l)) = HP{CP\ Wp,p*0{(i)) = HP{CP\ Oi£) ® R'^p.Ow) 
= (Wi©t3)*(°''')®i/P(CP\0(g + ^)). (32) 

As every element in this space is represented by global holomorphic forms on the 
twistor space W with coefficients in p*0{i), 3.2 = 0. It follows that for i > —1, 

H\W,p*0{i)) = ®p+,=kE'2'\P*Oii))=E'2''{p*Oii)) 

q. e. d. 

Since the kernel V of the differential restricted to Vw satisfies V = (cQts)^'"® 
(9(1), and since \iJ*Vz = tC ® C(l), the next lemma follows. 

Lemma 5 Let V be the kernel of the differential d'^ restricted to T>\y. Then 

H\Wy) = (C©t3)^'°® (t)4™+l©t3)*^°''^®^''+'C2, 

H\W,^*Vz) = C®(f)4™+i©t3)*(°''=)®5'=+iC2. 

This lemma implies that H^{W,V) = (c © i^Y'^ ® C^. This space is linearly 
spanned by the infinitesimal hypercomplex transformations generated by the center 
of the algebra l)4m+i © ts- It is a linear span of Wk '■= \{IkZ — il^IkZ). 

On W, a local holomorphic frame for the bundle of (O,l)-forms consists of {af , dji}. 
The dual smooth (O,l)-vectors are d/dji and 

K = ^{^^{X2a^l+^X2a)-iY2a-l-^Y2a)}, 

dl = ^{{X2a-l-tX2a)+KY2a-l+lY2a)}, (33) 

dT^' = l{fi{Z + zE,)-{E2-zE,)}X^' =^-{{Z-^E,)+^,{E2 + ^Es)}m 
Now we examine the induced long exact sequence of 

O^V^Vw^ -^*Vz (35) 

to calculate the cohomology of T>y/. Note that elements in H^{W, '^*T>z) are linear 
combinations of the vector fields (|22ll . They have natural lifting to smooth sections of 
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the tangent bundle on W, namely = |(/fcX2a-i — iIaIkX2a-i)- Given the smooth 
local frame above, 



w^ = ^^,{^^^'i-^l), W^ = ^^^{^^^'^ + ^l). (36) 



Given the algebra structure of the Heisenberg algebra 
In particular 



[dl = 0, [dl d1] = -[dl, d',] = 26^,(1 + l/iHZ. [dt, d^] = 0. (37) 



[dl = -[dl, d^,Y'' = 2(1 + \f^\')Wo. (38) 
A computation using fl33|l and fl36|) shows that 

In particular, 1^^]"'^'° = for all a and k. Note also that [9™^^, W^] = because 
Z, El, E2, E3 are in the center of i)4m+i © ts- It follows that the 0-th coboundary 
map for the induced exact sequence of fl35l) can be calculated as follows. We use 
the Chern connection V on the holomorphic tangent bundle on W to define the d- 
operator 9 . Then 5o(PF^) is represented uniquely by the cohomology class of 9 PF^. 
Due to an observation of Gauduchon [1], for any (O,l)-vector X, and (l,0)-vector Y, 

= [X, The above discussion implies that 

With ([Ml), dSZD and ([38D, we deduce that 

So{W^) = 2Wo ® (AiHa - AsHi), 6o{W^) = 2%W^ ® {\^\ + AaH"), 
(5o(M^2°) = -2W^o ® (AiHi + AaHs), 50(^^3°) = -2iW^o ® {\^\ - \-^\). 

Therefore, the coboundary map is injective and if°(l^, Pvk) = -f^°(VF, V). 

The functions w^"*"^ = /i^i — ^2 and if™^^ = /iZ2 + ^1 are holomorphic on the 
open subset f/2 of the twistor space W . On f/i, define w^'^^ = ^"U^J^^^- As in (1^ we 
define V^- := 1/™+^ := ]^^;;;I+t = XT^;^- In this basis, the image of H\W,^*Vz) 
in H^(W, V) is spanned by \i{\iVi + A2V2) ® By Lemma 

H\W, V) = (c © 13)^'° © (c © t3)*(°'^) © S^C^ © (c © 13)^'° © t:!°'') © ^^C^. 
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Since the image of Sq is contained in the second summand, the cokernel of Sq is the 
direct sum of the following spaces. 

cokerdo" : = (c © tg)^'" ® (c © tg)*^"'^) © S^C^ = sp&n{X'lXl-''V^^^}, 
coker6o' : = spein{{X^Vi - X2V2) XiQ" , XlVin"; , XIV2W} , (41) 



where Hf^^ = f 

J A2 J 



A basis for H\W, consists of Xj-'' X^V^^q'^j , where < k < 2, 1 < i, j < 2, 

l<a<m, l<l3<m + l. Since is holomorphic, the coboundary map 5i from 
the first cohomology to the second has the following property. 

(5i(Vi'^n^) = 2(AiVi + X2V2) © n2 A n^, 5i(r2'^n^) = -2(AiVi + AsV^s) ® a n^^. 

Therefore, the kernel of 61 is 

ker 5i = span{At A^-'^} © span{V{'Q''^ + V^'QI, V^^qI + V^QI, V^^q[ - V^QI}. (42) 
The induced exact sequence yields 

H^{W, Vw) = cokerSo" © coker5o © ker Si 

= {AtA2-v,n7+'} © {(AiVi - A2V2)A,n;, a^Vih;, a^Vsh;} 

© {AtA^'^} © {Vi^qI + Vi%, V2^q\ + ¥2%, Vi^Qi - ¥2%}. (43) 

Here we see that cokerSo" is a 12- dimensional space. It is generated by verti- 
cal tangent vectors and 1-forms with respect to the projection \E'. The dimension 
of cokerSo' is equal to 8m. The contribution from deformation of the basis of the 
projection \Ef is in kerSi. The dimension of this space is equal to 3m{2m + 1). This 
concludes the proof of Theorem [H 



4 Deformation Theory 

The obstruction space to hypercomplex deformation is H^{W, T>y\/). Results in the last 
section demonstrate that it does not vanish, we approach integrability of parameters 
in H^{W, T>]y) by constructing a one-parameter deformation for any given tangent. It 
is done through Kodaira-Spencer's method of constructing a convergent sequence with 
coefficients in vector-valued 1-forms. During this construction, we do not control the 
vector- valued 1-forms in such a way that the vector part is tangent to the distribution 
T>]v. Therefore, the deformation may a priori depart from hypercomplex structures. 
We tackle this problem at the end of this section. 
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4.1 Integrability 

We have seen that the virtual parameter space H^{W,V) is a vector subspace of the 
following space. 

S = H\W,V)®ker6i 

= {XlXl'') © ((^/r+^nj) © {V.^qI + V,%, V^Tl\ + V^Hl V^Tl\ - V^Tll)yA) 

We denote these elements by T,-, where 1 < t < D = dim£^. If fii = uj ®V and 
^2 = uj' ®V' are vector- valued 1-forms, the Dolbeault representative for the Nijenhuis 
bracket {u ®V,uj' ® V'} is [MllH] 

J A Lv'UJ ®V + UJ ^ Lyu' ®V' + UJ Auj' ®[V, V']. (45) 

The aim of this section is to prove the following proposition. 

Proposition 1 Let he the complex vector space of complex-valued smooth func- 
tions on 5^. For any (pi and 02 in ^ S, there exist smooth functions Qr on the 
2-sphere such that {0i, 02} = Xlr ^ {Qt'^t) ■ 

The following functions on 2-sphere 5*^ is extended to the twistor space W . 

^ 1 ,^ 12' •^2 = -I ,^ /s = -I , I I2- (46) 

1 -I- 1 -I- i/ip 1 -I- i/^p 



We have 



75/ _ /^^c?/^ 75. _ dfx ^ ^dfi 



In subsequent computation, we make use of these three functions to prove the Propo- 
sition [H 

Let eii = 622 = and eu = —621 = 1. It follows from (1331) and (IMll that 



except when a = a, f3 = m -\- 1. Therefore, in the case when a = a' = m -|- 1 or when 
1 < /^j < ""^j with (I57|) we deduce that 

{AtA^-v.^n^, Af A^-'^v/n^'} 
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,,/c Ilk I , k~\~k 

4 + l/ir^ 1 + - (1 + |^|2)2i^^ ^/i 



= d (^{-fXlXl-'){6^:pe,jVrn''y + Ve^/^/nJ)) • 
where / is determined by k'. 

Lemma 6 For any (pi and 02 ii^- H^{W,V), there exist smooth functions on the 
2-sphere and (p^ G H^{W, V) such that {(pi, (j)2\ = X^,. d (grfpr) ■ 

Proof: By Lemma [5l elements in H^(W,V) have the form XiX2~'^Vj^~^^il^ for some 
k, j and (3. From the above computation, 

{xixi'^vr-^'n"^, Af A^-^v^+^nJ'} 



This is an element in the image of H^{W, V) via d. q. e. d. 



Lemma 7 For any 0i and 02 in ker(5i, there exist smooth functions g-r on the 2- 
sphere and (f>r ^ ker 6i such that {0i, 02} = Xlr ^ idr^Pr) ■ 

Proof: We do it through a case- by-case computation. In view of formula (H2!) . there 
are six cases. 

{x'lXr'iVi^n', + Vi'nl), x^j-'^' {vfn'^ + vfnt)} 

= d (^-fXlXl-\5a'bVi^lt2 + Sab'VfUl)'^ + d (^-fX'iXl-\6t>tVi^U2 + 5aa'Vi''Ill)') 
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= d (^-fx1xl-%,,{v,^Tt^ + v,''nt)) + d (^-fx1xl-%t,'{v,^% + v.mi)') 
+d (^-fx'',xl-Hw{v,^nt + vfTf^)) + d [-fx'ixl-%a'{v,m'i + ^n^)) . 

This element is in the image of r° (g) ker Si via d. Similarly, when we interchange the 
indices 1 and 2, we have 

{Xlxl-\v,^n\ + yM), ArAr'='(y/nf + <nf )} 

= d (^fX'.Xl-'Sa'biV.^lti + V,''Ul)) + d (^fX'lXl~'6aAV2^'T}\ + ^^nf )) 

+d (^fx1xl-%h>{v,-n'i + i^/n")) +d(^fx^iXl-%a'{vini + i^/nj)) . 

This element is in the image of ® ker 5i via d. Next, 

{Xlxl-\v,^n\ - v,mi), x'l'xl-'^'ivfn'; - <n^')} 
= -d (^fx'iXl-'i-s.^.vrn"^ + 5aa'V,'%)) - d (^fxIxl-'iSa'aV^m'^ - 5wVfnl)) 

= d (^fx'iXt's.^.iVi^n'i + Vi^'nl)) - d [fx'ixl-X^M^i + vM)) 

This element is in the image of r° ker 5i via d. On the other hand, 

{x'iXl-\Vi^U', + Vi'W,),x^'xl-''{vM + v,''U'i)} = 0. 

+difX^lXl-''5a'aV,'lti) - d{fX^Xl-''5,a'V,''U'',) 

= difXlXl-X^.iVi^Qi - V/n^)) + a(/A^Ar'=5„,„(Vi''n;' - Vi'Q',)). 
This element is in the image of r° (g) ker 5i via 9. Finally, 

{A^Ar^(^"n; + V,'n;), Xl' Xj-'' {VfQi - y/n^')} 
-9(/At Ar^5,,,y«'n^) + difx'iXl-'s.^aV.m"^) 
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This element is in the image of ® ker Si via d. q. e. d. 

To consider the Nijenhuis bracket between elements in H^{W,V) and elements 
in ker^i, we recall that H^{W,V) has two types of elements: \\XI~''V^^^QJ as 

elements in cokerdo'" and X^Xl'^Vj^'^^il'^j as elements in the direct summand comple- 
ment in H^{W,V). We separate the computation into the next two lemmas. This 
computation involves the algebraic structure of Heisenberg group because by and 

Lga'a'^'^^ = 2/iO"2, Lgao^^^ = —2/1(71, Lqo.o^'^^ = 2^2, LgaW^^^ = — 2a^. (49) 

Lemma 8 For any (pi in ker6i and 02 = X'^"'' VP'^^Q^j,, there exist smooth func- 
tions Qr on the 2-sphere and (pr £ H^{W, V) such that {0i, ^2} = TIt ^ {dr'pT) ■ 

Proof: We repeat part of a previous computation as follows. 

{xlxl-^'vtn], Af A^-'^V.r+in'',} 



(1 + |/i|2)2 V ^ ^ ^ V (1 + |^|2)2 ^' 3 ™ 1 + 
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where / is one of the functions /i, /2 and /s depending on the number k' . Since 
X^Xl'^Vl^^^vt, is in V), the proof of this lemma is completed, q. e. d. 



Lemma 9 For any (pi in kerSi and 02 = Af A^-'^V.r+^fi"^ , {0i, ^2} = 0. 
Proof: We have six cases to consider. 

{x^^xl-^Vi^nl + Vi%), Af A^'^V^r+^nr^'} 

^ (1 + H^)^ ("2 A + o1 A 

= ^/^ n f u'm2 ^r^ (^2 A + A 0*2) = 0. 
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Similarly, 



It is equal to zero. Next, 

{x'lxj-'iv^^ul - v^n2), Af A^-'^v.r+^n^^'} 

= ^^ (1^^2)2 ^"^' (a? A + A a?) = 0. 

Similarly, 

(^V/^ iZ^ - V/2 i^aJ) ^1 ^2 V "2 J- (]_ _^ |^|2)2 

It is equal to zero. Finally, 

{AtA^'=(v;"n2 + v.'nl), Af A^'^V^+^n;'^'} 



(i + H 



2A2 



+ 

Similarly, the following term is equal to zero because 

r \k A,2-fc/T/ao^ , T/b^''^ \2-A:'T/m+l(=f"+ll _ -2^^"^^ C^^"*"^ ((T^ A Cr" + (T" A CT^) 
\^1^2 1*^2 "1 + ^^2 ^1 ^2 ^i' "2 J- (^1 _^ |^|2)2 • 

q. e. d. 

All lemmas in this section together prove that when 0i and 02 are in S, then there 
exist functions gr G such that ^2} = S <9 {Qt'^t) ■ Suppose 0i, 02 are in 8 and 
/ii, /i2 are in F°. Since Tr{g) = if (7 G F°, 

{/ll01,/l202} = /il/i2{01,02} = ^hih2d{grTr) = ^ (/il/i2^5'r) A T^. 

r r 

Since hih2dg-r is a (9-closed (O,l)-form on the Riemann sphere, it is 9-exact. Our 
proof of Proposition [1] is now completed. 
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4.2 Convergence 

Choose a Hermitian inner product on £ such that the elements T,- form a Hermitian 
basis. On the Sobolev spaces L\{S'^) and L\{V''^'^\S'^)), we have the usual quadratic 
norm || ■ ||fc. Define a norm on || ■ ||fc on ®£ by || YIit fr'^ AW = YIt \\fr\\k- Similarly, 
define a norm || ■ ||fc on T^'^^^^S^) ® £ hy || Er 7r A T^IH = ^ J|7,||2. 

Lemma 10 There exists a constant Ci such that if f is a smooth function on S"^ 
with J^, f = 0, then ll/IU < Cip/|U_i. 

Proof: The condition on / implies that it is orthogonal to ker9 d. By Schauder 
estimate [21 Appendix H, Theorem 27], there exists a constant ci such that for all 

such/, ll/IU <Ci||9*9/|U_2. 

Consider the first order elliptic operator d + d : F'^^'^^ r(o.o) r(o,2)_ -^^^ 
d df = {d+d )df. Since df is orthogonal to ker(c} + (9 ), again by Schauder estimate 
there exists a constant C2 such that for all such /, \\d df\\k^2 < C2||c?/||fc-i. The 
Lemma follows, q. e. d. 

For the following lemma, see also JOj, 5.118, 5.119]. 

Lemma 11 There exist constants C2 and C3 such that for all ip and inV^ ® £, 

UWk < C2p0|U_i; (50) 
||{^,0}IU < C73||^|U+i||</.|U+i. (51) 

Proof: Since {T,- : 1 < r < D} is a Hermitian basis and elements are holomorphic, 
fISU]) follows from Lemma [TUl 

To prove (ISTI) . we assume that ip = giAi, = (72^2 where Ai and A2 are one of 
the elements in the Hermitian basis {T^ : 1 < t < D}. By Lemma [1], there exists 
fr such that {5(1^1,5(2^2} = gmY^r'^fr A T^. By definitions, IK^i^i, 5(2^2}||fc < 
Er \\9i92dfr\\l. Define 

02(^1,^2) = , /maxsup |V^9/^p. 

y £<k,T 

This constant depends on Ai and A2 because fr does. Define 

C2 = max{c2(Ai, A2) : Ai, ^2 e {T, : 1 < r < D}}. 

Then ||5(i5(2<9/r ||fc < C2II 515(2 ||fc- It is known [HI page 73] that there exists a constant 
C3 such that ||5i52||fc < C3||5i||fc||52||fc if A; > dimS*^ + 1 = 3. Combining all these 
inequalities, we have 

||{5lAi,52yl2}||fe < £'C2||5l52|U < £'C2C3||5i||fc||52||fc 

= -Dc2C3||5iy4i||fc||52v42||fc < -DC2C3 ||5iv4i |U+i ||52v42 || fc+1. 
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In general, ip = J2t ^t'^t, (I> = J2t For k > dim S'^ + 1 = 3, we obtain: 

ll{^,0}||^ = \\{J2'^rrr,J2^,r,}\\l < J2 ll{^.T.,0pT,}||^ 
< D'clcl J2 Ur\\Ui\Ml+i = D'clcliJ2 

T,p T p 

= D'clcl\\J2^^T4l^, . II J]0pT,l|^^, = l^^c^c^||^||^^,||0||^+, 
The proof is completed, q. e. d. 



Lemma 12 Let $ = J^n^nt"'- Suppose that the coefficients $fc are vector-valued 
(0, l)-forms with the property that 

n 

Mn+l = -1/2 $n+l-.} (52) 

i=l 

and suppose they satisfy the inequalities ( l50l) and ( ISTl) . Then for small enough t, $ 
is convergent. 

Proof: Take a power series A{t) = Yl'^=i^nt"' = ^fc-^^^- It has nonzero radius of 
convergence. As seen in the proof of ^21 Equation 5.116], 



1 ^ 

Ibk ^-^ 

%=\ 

Suppose that ||$n||fc < up to some n. By the last lemma. 



l$„+if, < c|p$.+,||L, < ^$:i|{$.$„+i-.}||Li < 



i=l i=l 



If we choose = and c so that ||$i|| < ai = fee, we obtain: 

^ n 1 
ll'^'n+llll < -^^l^n-^X-AW^iil < -^^^n+X-if^i < a„+l 
1=1 1=1 

So the Lemma follows by induction. The convergency of A{t) is proved, q. e. d. 

For any element $i in H^{W, T>w) C H^{W, Qw), Lemma [1] inductively determines 
solutions for the recursive formula (9$(t) + |{$(t), = 0. Lemma [T2l shows that 

there exists e > such that the power series = $it + $2^^ + . . . converges 
when |t| < e. It follows from Kodaira-Spencer theory that $1 is an infinitesimal 
deformation. Proof of Theorem [2] is completed. 
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4.3 Hypercomplex Deformations 

The integrability of $i amounts to a deformation of quaternionic structures |15j . 
We complete our discussion on deformation of hypercomplex structures by showing 
that every quaternionic deformation of the given hypercomplex structure on X is a 
hypercomplex deformation. This is Theorem [31 

The underlying smooth structure of the twistor spaces of the deformed quater- 
nionic structures on X remains to be X x S*^. The underlying smooth structure of the 
twistor spaces of the deformed quaternionic structures on T*^™ is T^*" x S"^. The natu- 
ral projections pw and pz from these spaces onto S'^ satisfy the identity pw = Pz°^ ■ 
When the twistor spaces are given the un-perturbed hypercomplex structures, the 
maps Pw and pz are holomorphic. We complete the proof of Theorem [3] by showing 
that for all local deformations found in the previous paragraph, the maps pw and 
Pz are holomorphic. They are denoted by p in the previous sections. As a result 
of general twistor theory [15] [16], the deformed quaternionic manifolds are in fact 
hypercomplex manifolds. 

To verify our claim on the open set f/2, we consider any distribution determined 
by the convergent power series = ^n^"' where $1 is in H^{W, "Dy/) C and 
$„ is inV^ ®£ for all n > 2. On the open set U2 of the twistor space W , the space of 
(0, l)-vectors is spanned by {V ^ , ^}. Then (0, l)-vectors for the deformation family 
are spanned by 

Vl{t) := + $(t)(F2) = Vl + Y, ^"$n(Fl) (53) 

n 

and To prove that pw is holomorphic for this family of complex structures, we 
verify that its differential sends (0, l)-vectors to (0, l)-vectors. Since dpw{-§=) = -§=■, 
our only concerns are on dpwV~l{t) which is equal to 

dpwiV",) + ^t"(ipM/($n(Fl)). (54) 

By construction, $„ is in the space £ (jS]). Therefore, $„(V^^) is a linear com- 
binations of V[ for some ^ and p. Therefore, it suffices to prove that dpwiYk) = 
for all k and 7. Indeed, when 7 = m + 1, is given by coordinate vector fields 
Q^+i ■ As these vector fields are vertical with respect to the project pw, they are in 
the kernel of the differential of pw- Strictly speaking, when 1 < 7 < m, the element 
1/^ is contained in H^(W, \Ef*X>). They could be interpreted as tangent vectors on W 
only after a lifting process as described in our coboundary map computation in the 
proof of Theorem [21 In particular, as seen in ([6]) the lifting of is Xj and is Yj. 
Taking this lifting into account, we have the identity 

dpwiV,) = dpz o d^iVl) = dpziVl) 
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where Vf^ on the right hand side of the equation is now interpreted as a vector field on 
Z. On Z, V], is spanned by ^=t- As it is obviously in the kernel of dpz, we complete 

the proof that the map is holomorphic. 



4.4 Quaternionic deformations 

Computation in the last section suggests that we have to take a closer look at the 
parameter count for hypercomplex and quaternionic deformations and their relations. 
The relation could be manifested by the details in the following result. 

Lemma 13 The coboundary maps 6q and 6i from the zero-th and first cohomology 
respectively in the induced cohomology sequence of 

0^Vw^Qw^P*O{2)^0 (55) 

are injective. 

Proof: Due to LemmaHJ the following twisted k-forms form a basis for H^{W, p*0{2)). 

A^+'^-'A^n"' A • ■ ■ A A nf A • ■ ■ A nj^ (56) 

where < / < 2 + A; and 1 < a^, (3j < m + 1. 

Using the standard identification between quadratic polynomials and global holo- 
morphic vector fields on CP^, i.e. (aAf + 6A1A2 + cA|) 1-^ (a/i^ + 6/i + c)^, we 
consider the above sections as holomorphic 1-forms on the twistor space with values 
in the tangent bundle of CP^. Then the above sections are identified to 

s = ^2+fc-«^^i A ■ ■ ■ A A A • ■ ■ A af^ (57) 

To find the image of s through the coboundary map 6k, we lift the 1-forms by pull- 
backs and the vector field is lifted to W. It defines a smooth lifting s. We use 
the Chern connection V on the holomorphic tangent bundle on W to define the d- 
operator d . Then 6kS is represented uniquely by the cohomology class of d s. Since 
the function fi^^"^'^ and the forms a" and are holomorphic, 

d^s = (^^^) A A ■ ■ ■ A a^'^ A af^ A ■ ■ ■ A (58) 

Due to an observation of Gauduchon [4J, for any (O,l)-vector X, and (l,0)-vector Y, 



d^Y = Using ([331) and (El, we find that 



1 + l/ir ^ "a^l^ l+|/i| 
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It follows that (^) equal to 



1 + (l + |/i|2)2 (1+|^|2)2 



l+|/i|2 l + i ' (1 + |/UP2 



Therefore, dls is equal to 



a 

^2+fc-/^« V fe ® ^d'^ - ® ^^2") A A ■ ■ • A A A • • ■ A n 
^ - ® v^) A A ■ ■ • A n"' A nj' A • • ■ A n2\ 



This map is injective when /c = 0, 1. In particular, 

5o(A?-'A^) = A2-'A'2 ^ (^2 ® Vi" - ® (59) 

a 

The proof is now completed, q. e. d. 

As a consequence of the last lemma, the following sequence is exact 

^ H^{W,p*0{2)) H\W,Vw) H\W,Qw) 0. (60) 

It confirms, but does not prove our result in the last section, that every quaternionic 
deformation is a hypercomplex deformation. The new information in the above exact 
sequence is, that for every hypercomplex deformation parameter, there is a three- 
dimensional hypercomplex deformation within one quaternionic class. This parameter 
space is contributed by H^{W,p*0{2)) = S^C\ Since H^W^Qw) is the virtual 
parameter space for complex structures on the twistor space W, its real subspace 
with respect to the real structure r is the parameter space for quaternionic structure 
on X, it completes the proof of Theorem HI 



4.5 Deformations of Torus 

During the course of our computation, significant amount of information on defor- 
mation of the hypercomplex structure on the torus T^*" as a quotient of the quater- 
nion module H"* is revealed. By Lemma [31 the virtual parameter space for hy- 
percomplex deformation on the torus T^*" is the real part of the complex vector 
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space t^'° ® t*^"'^) (g) S'^C^. Its real dimension is equal to complex dimension; i.e. 
(2m)^ X 3 = 12m?. To prove integrability, we apply the method in Section UT] with 
the space £ replaced by H^{Z,Vz). In this case, we do not need the work in Sec- 
tion H]3] to conclude that every deformation generated by H^{Z, Vz) is hypercomplex 
as the power series generated in Section [4.11 has values in H^{Z,Vz)- Finally, the 
exact sequence fl^U]) has its counter part on Z. Therefore, the parameter space for 
quaternionic deformation on T^™ is equal to 12m^ — 3. 

In Section 12.21 we construct a hypercomplex structure on R**" by left multipli- 
cation of unit quaternions i, j and k on H*". As seen in Section 12.11 the torus 
T^"^ is the quotient of R^"* with respect to the lattice group 0(r) = (Z'^™,+). 
The right multiplication by a generic element in GL(4m, R) changes the hyper- 
complex structure on T^*" by choosing different identification from R^'" to H'". 
The isotropy subgroup with respect to the quaternion basis {Qa, 1 < a < fn} is 
GL(m, H). Therefore, the (coarse topological) moduli space of hypercomplex struc- 
tures is y4Mt(Z'^'")\ GL(4m, R)/ GL(m, H) where Aut{Z^'^"-) is the discrete subgroup 
of GL(4m, R) consisting of automorphisms of the lattice. Furthermore, left multi- 
plication of Sp(l) changes the hypercomplex structure but keeps the quaternionic 
structure. Therefore, the (coarse topological) moduli space of quaternionic structures 
is y4Mt(Z^'^)\ GL(4m, R)/ GL(m, H) Sp(l). Our computation on the dimension of 
moduli proves that these spaces are the entire connected component of the moduli 
space of hypercomplex deformations and quaternionic deformations respectively. 

5 Moduli of Invariant Hypercomplex Structures 

By invariant hypercomplex structure we mean a triple of left-invariant complex struc- 
tures on X with the usual relations. Such triple is determined by its values at the 
identity. The first observation in this section is due to the power series calculations 
in Section 4.1. 

Proposition 2 Any small deformation of the hypercomplex structure on X consists 
of invariant structures. 

Proof: From the calculations in the proof of Proposition 1, Section 4.1 we can conclude 
that in the series $(i:) = $n^" all terms belong to Tq ^ S. In particular for 
every fixed to, $(to) is in the same space. Then substituting (Ai, A2) with (1, 0), (0, 1) 
and [i, 1) we obtain elements in S. They determine invariant complex structures by 
identifying £ with a subspace of the space of sections in T^^'^^^ i^T*^^'^\ Each section 
is identified with the image of the bijective linear map 

and the deformed structure J is defined from here. Since the elements of £ are given 
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by invariant sections, the deformed structures are invariant. Then the three invariant 
complex structures give rise to an invariant hypercomplex structure, q. e. d. 



Further in this section we investigate the deformations of the hypercomplex struc- 
tures on [H^m+i X R-'^)/r arising from the deformations of the lattice F. As we will 
see this space differs from the space of invariant hypercomplex structures. 

From Theorem [H] the left invariant hypercomplex structure defined in Section 2.2 
is equivalent to the canonical one on H"*. 

Now if F' is another lattice in H^m+i x R-'^ such that the quotient spaces H^m+i x 
R^/F and H^m+i x R^/F' are isomorphic as hypercomplex manifolds, then F and 
F' are isomorphic. According to ([IZ], Theorem 2.11, Corollary 2) the isomorphism 
between the two cocompact subgroups is uniquely extended to an automorphism T of 
Him+i X R^. Then by the functorial property of the exponential map there is a unique 
Lie algebra automorphism T of ^^m+i®^ defined by T. In particular the deformations 
arising from deformation of the lattice lie in the orbit of the automorphism group of 
f)4m+i ffi t'^ containing the standard hypercomplex structure. Bellow we consider the 
form of T. 

Proposition 3 Lei {Z, Ei, i?2, -^s, -^2a-i, -^2a, 'i^2a-i, ^2a} he an ordered basis for ^4^rn+i'x 
R^. The automorphism group of f)4m+i © consists of elements T leaving the center 
invariant of the form: 



where A is in EndcQ)Hom{t^, c©t^), and B is in ifom(()4m+i © t'^, c©t'^). Moreover, 
C is a matrix preserving the symplectic form in R**" up to a constant. 

Proof: The Lie brackets is 



the center and the direct sum f)4m+i © t^, T(Z) = SqZ for some constant Sq. From 
the form of the brackets above we obtain uj{T{V), T{V')) = SouiV, V). q. e. d. 

For further use denote the set of all T for which ci;(T(l^), T{V')) = Suj{V, V) for 
a fixed S as CsSp{2m, R) 

Corollary 1 The dimension of the space of automorphisms in Proposition 2 is 13 + 
18m + 8m^ 
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Proof: We calculate the dimensions of the three blocks. The 4x4 block in the upper- 
left corner consisting of S"s has dimension 13. The upper-right block with F^s and 
GaS has dimension 4 x 4m = 16m. Finally the set of symplcctic transforms up to 
a constant CSp{2m, R) has the same dimension as the group Sp{2m, R) which is 
2m(4m-|-l). When we sum up the dimensions the result follows, 
q. e. d. 

For any automorphism T of h^m+i © t'^, we define hypcrcomplcx structure Xx by 
T^^ oIoT with the new basis T. Then it will induce hypercomplex structure defined 
on {H4jn+i X R^)/T(r) via factorisation. Now we have to consider which T give rise 
to equivalent structures on the factor-space. 

Proposition 4 The hypercomplex spaces {H^n+i x R^)/r and (i?4„+i x R^)/T(r) 
are equivalent if and only if: 

A = sl,s^0 

B e CSp{2m, R) n GL{m, H) = CSp{m) 



/ 




Oi2i ^21-1 
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Ci 
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di tti 


-hi 
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-di 


-Ci hi 


Qi 


/ 



C — {CiC2---Cn),Ci — 



In particular the dimension of the group of hypercomplex automorphisms arising 
in this way is 1 + 9m -|- 2m^. 

Proof: Any hypecomplex automorphism of H^^^+i x R^/F gives rise to automorphism 
on Hirn+i X R^ = H"+^ which interchange the actions of F and F' = T(F). But 
any hypercomplex automorphism of H"+^ is an affine transformation by a theorem 
of Ehresman. So {A, v) : q ^ Aq -|- v with A E GL{n -|- 1, H) is a general form of a 
hypercomplex automorphism. Then to verify the proposition we have to check that 
if 

(A,v) 07 = 7' o (A, v) 

with 7 e F and 7' = T(7) e T(F), then T has the proposed form. 
The group multiplication is expressed in terms of cu as 

X*X —X + X + UJ[X,X )z 

where z — (1, , 0, 0, 0) is the center generator . Then the condition above becomes 
A{'y * q) -I- V = 7' * (Aq + v). It follows that 



A'y + a;(7, q)Az = 7' Lj{'y' , Aq + v)z. 
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Substituting q = 0, we have 

A'j = 7 + a;(7 , v)^. 
Substitute the last formula back, we have 

a;(7 , Aq)z = w{j, q)Az and Aj = 7 + a;(7, A~^v)Az. 

It follows that 

T(7) = 7' = A7 - t^(7, A-^v)Az. 

As both A and c<; arc linear, T is linear. The above formula is applicable to any 
element in H^m+i x R'^- It also shows that {A, v) uniquely determines T. 

Now using the identification of T and T via the exponential map we are going to 
obtain the form of T in the proposition. Note that A is simultaneuosly Lie-algebra 
automorphism described in Proposition 2 and an element of GL{m + 1, H). 

Wc first consider the case v = 0. Here we have to characterize the matrices 
A as above. The group GL{m + 1,H) is identified with the group preserving the 
hypercomplex structure. The structures /i,/2,/3 are formed by 4 x 4-blocks along 
the diagonal of the following type: 



/o 
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-1 


\o 
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-1 
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-1 





0/ 



and J3 = JiJ2- Then when we divide the matrix of T in 4 x 4-blocks, then each block 
should represent a matrix which commute with Ji and J2 above. The general form 
of a 4 X 4 matrix which commutes with Ji and J2 is 



B 



(a b c d \ 

—h a —d c 

—cd a —b 

\ —d —cb a J 
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for some numbers a, b, c, d. The diagonal blocks additionally have nonzero determi- 
nant. 

Now the upper-left corner of A has first column with zero's except 5*0, so it 
is proportional to the identity. The lower-right corner is 4m x 4m consisting of 
P2a-i, P2a,Q2a-i,Q2a IS an element of Cs^Spim). Finally the upper-right 4 x 4m 
corner consists of 4 x 4 matrices {F2i-\...G2i) for i = 1, ...m. Here i represents the 
number of the block. Then all matrices have the form of B above. 

Now we have to consider the case v 7^ 0. In the formula 7 A'-f — uj{'~f, A''^\)Az 
we have that the second term is always proportional to z i.e. u!{j, A~^\)Az = Cz. 
By varying v we may choose any constant of proportion C. Now when 7 is chosen to 
be any of the basic vectors the formula above changes an element of the first row of 
T because of this term. Thus the first row of T is arbitrary. With this we have the 
form of the matrix [F2i-i, F2i,G2i-i,G2i) in the proposition since the center is the 
first element in the basis. From here the proposition follows, 
q. e. d. 

Corollary 2 The dimensions of automorphisms in Proposition 3 is 1 + 9m -|- 2m^ 

Proof: The calculation is similar to that in the previous Corollary. This time the 
dimension of upper-left corner is 1, because the matrix is proportional to identity. 
As efore the dimension of the set CSp{m) is the same as the dimension of Sp{m) — 
Sp{m, C)nU (2m) = m(2m -|- 1). Finally the block with Fa's and Ca's has dimension 
2 X 4m = 8m. This gives the corollary, q. e. d. 

From the above we obtain that the space of effective parameters for the defor- 
mations of the hypercomplex structures on X arising from deformation of the lattice 
is ^ where G is the group of all T's in Proposition 2 while H is the group de- 
scribed in the Proposition 3. The dimension of this space is 12 -|- 9m -|- 6m^. Now 
dimcH^{W, Dw) = 12 + 11m + 6m^ and H^{W, Dw) is generated by the elements in 
the center of X. To count the independent parameters in the deformation space we 
need the following: 

Lemma 14 All elements in the basis of H^{W, Dw) from (43) are invariant under 
hypercomplex transformations. 

Proof: The elements in H'^{W, Dw) are described in Lemma 5. In particular the whole 
space is spanned by linear combinations of the vectors in the center {Z, Ei, E2, E^) 
with coefficients depending on the fiber coordinate /i. More precisely H^{W,Dw) = 
spanjiy™^^ = IkZ — ilglkZ} at the point a. Then W^~^^ are expressed locally as in 
(36) in terms of the local vector fields ^l""*"^. The d'^~^^ themselves are defined in (34). 
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In particular there is no ^ involved. The space H^{W, Dw) is a subspace of the span 
gain as in the calculation for the Nijenhuis bracket the elements 
are expressed locally in terms of jj;^:p[dfa^ for A; = 0, 1, 2. Here /i is inessential too. 

Now we have to check that Cx{A) = for X G and A G H^. The formula we 
need is: 

Cxia ®Y) = (Cxa) 0Y + a0 (CxY) 

Now we take X to be any vector which is linear combination of {Z, Ei, E2, E3) 
with coefficients depending on /x. Then CxVf" = for any V"" - here /i is a constant 
for the differentiations. Moreover using 

= dr\a](dl))-a-{[dr'X]) = 

we see that Cx^jiY) = for X in because Y is a combination of vectors 9f . 
q. e. d. 

So by the Lemma all small deformations of the structures are again invariant 
structures by Cathelineau's theory and there are no equivalent deformations in H^. 

Corollary 3 There are deformations of the hypercomplex structure on X which do 
not arise from a deformation of the lattice T . 

This combined with Proposition [2] proves Theorem [5] from the Introduction. 

Remark 1 We note a similar phenomena for the complex deformations of the 3- 
dimensional complex Heisenberg group G. The local moduli space around its canonical 
complex structure is calculated by fT3f and is 6 dimensional. The connected component 
of the invariant complex structures at this point is again 6- dimensional, but the orbit 
of the complex structure under the action of the automorphism group of G is only 2 
dimensional JT9]. Since every two lattices are equivalent under an automorphism of 
G, it follows that there are deformations of the complex structure, which do not arise 
from deformations of the lattice, unlike the case of the complex torus. This also led 
Nakamura IT^ to the conclusion that a small deformation of a complex parallelizable 
manifold is not necessary complex parallelizable. What we proved in this section is 
that similar fenomena holds for the small deformations of the hypercomplex structure 
ofX. 

Remark 2 One could notice that above we included identifications of the structures 
which arise from affine transformations. This identifies additionally some structures 
in the orbit of the automorphism group, since it acts only by linear transformations. 
So the number of effective parameters for the small deformations is less then the 
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dimension of the orbit. Similar fenomena appears in the complex deformations of 
H2n+i X -R/r as described in JB^. Due to the translation factor, there are no "off- 
diagonal" deformations. The difference in the hypercomplex case is that this amounts 
to all identifications because of the properties of hypercomplex automorphisms ofH"'. 
In the complex deformations case, this follows from the Kuranishi theory fW^ . 
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